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​This​ ​paper​ ​investigates​ ​the​ ​non-Hermitian​ ​skin​ ​effect​ ​(NHSE)​​in​​dynamically​
​modulated​​one-dimensional​​photonic​​lattices.​​We​​explore​​how​​periodic​​temporal​
​modulation​ ​of​ ​the​​refractive​​index​​induces​​non-reciprocal​ ​hopping​​amplitudes,​
​leading​​to​​the​​accumulation​​of​​a​​macroscopic​​number​​of​​eigenstates​​at​​the​​lattice​
​boundary.​ ​Through​ ​a​ ​combination​ ​of​ ​theoretical​ ​analysis​ ​and​ ​numerical​
​simulations,​ ​we​ ​demonstrate​ ​the​ ​emergence​ ​of​ ​the​ ​NHSE​ ​and​ ​its​ ​profound​
​impact​​on​​light​​confinement​​and​​amplification.​​We​​further​​investigate​​the​​role​​of​
​modulation​​parameters,​ ​such​​as​​frequency​​and​​amplitude,​​on​​the​​strength​​of​​the​
​skin​​effect​ ​and​​the​​localization​​length​​of​​the​​confined​​modes.​​Our​​results​​reveal​
​that​ ​the​​dynamically​​modulated​​photonic​​lattices​​provide​​a​​versatile​​platform​​for​
​manipulating​ ​light​ ​propagation​ ​and​ ​offer​ ​novel​ ​opportunities​ ​for​ ​designing​
​advanced​​photonic​​devices​​with​​tailored​​functionalities,​​including​​unidirectional​
​waveguides,​ ​enhanced​ ​sensors,​ ​and​ ​compact​ ​optical​ ​amplifiers.​ ​Finally,​ ​we​
​delve​​into​​the​​topological​​underpinnings​​of​​the​​observed​​phenomena,​​linking​​the​
​NHSE to non-trivial winding numbers in the complex energy spectrum.​

​Introduction:​
​The​ ​field​ ​of​ ​photonics​ ​has​ ​witnessed​ ​remarkable​ ​advancements​ ​in​ ​recent​ ​years,​ ​driven​ ​by​ ​the​
​pursuit​ ​of​ ​novel​ ​materials​ ​and​ ​structures​ ​that​ ​can​ ​manipulate​ ​light​ ​with​ ​unprecedented​​control.​
​Photonic​ ​lattices,​ ​periodic​ ​arrangements​ ​of​ ​optical​ ​waveguides,​ ​have​ ​emerged​ ​as​ ​a​ ​versatile​
​platform​ ​for​ ​exploring​ ​a​ ​wide​ ​range​ ​of​ ​optical​ ​phenomena,​ ​including​ ​Anderson​ ​localization,​
​topological​​insulators,​​and​​nonlinear​​optics.​ ​Traditional​​photonic​​lattices,​​governed​​by​​Hermitian​
​Hamiltonians,​ ​preserve​ ​energy​ ​and​ ​momentum,​ ​limiting​ ​the​ ​possibilities​ ​for​ ​achieving​
​unconventional​​light​​control.​​However,​​the​​introduction​​of​​non-Hermitian​​elements,​​such​​as​​gain​
​and loss, opens up new avenues for manipulating light in fundamentally different ways.​

​Non-Hermitian​​systems,​​characterized​​by​​complex​​energy​​eigenvalues,​​have​​garnered​​significant​
​attention​ ​in​ ​various​ ​fields,​ ​including​ ​optics,​ ​acoustics,​ ​and​ ​condensed​ ​matter​ ​physics.​ ​A​
​particularly​ ​intriguing​ ​phenomenon​ ​in​ ​non-Hermitian​ ​systems​ ​is​ ​the​ ​non-Hermitian​ ​skin​ ​effect​
​(NHSE),​​where​​a​​macroscopic​​number​​of​​eigenstates​​are​​localized​​at​​the​​boundary​​of​​the​​system.​
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​This​ ​localization​ ​arises​ ​from​ ​the​ ​non-reciprocal​ ​hopping​ ​amplitudes​ ​induced​ ​by​ ​the​
​non-Hermitian​ ​terms,​ ​leading​ ​to​ ​a​ ​breakdown​ ​of​ ​the​ ​conventional​ ​Bloch​ ​theorem​ ​and​ ​the​
​accumulation of eigenstates at the edge.​

​The​​NHSE​​has​​been​​observed​​in​​various​​physical​​systems,​​including​​electrical​​circuits,​​ultracold​
​atoms,​​and​​mechanical​​metamaterials.​ ​However,​​its​​realization​​in​​photonic​​systems​​offers​​unique​
​advantages​​due​​to​​the​​inherent​​controllability​​and​​scalability​​of​​optical​​platforms.​ ​While​​previous​
​studies​ ​have​ ​focused​ ​on​ ​implementing​ ​non-Hermiticity​ ​through​ ​gain​ ​and​ ​loss​ ​elements,​ ​an​
​alternative​ ​approach​ ​is​​to​​utilize​​dynamic​​modulation.​​By​​periodically​​modulating​​the​​refractive​
​index​ ​of​ ​the​ ​photonic​ ​lattice,​ ​one​ ​can​ ​effectively​ ​introduce​ ​non-reciprocal​ ​hopping​​amplitudes,​
​thereby mimicking the effects of non-Hermitian terms without explicitly requiring gain or loss.​

​This​ ​work​ ​explores​ ​the​ ​realization​ ​of​ ​the​ ​NHSE​ ​in​ ​dynamically​ ​modulated​ ​one-dimensional​
​photonic​ ​lattices.​ ​We​ ​investigate​ ​how​ ​temporal​ ​modulation​ ​of​ ​the​ ​refractive​ ​index​ ​leads​ ​to​ ​the​
​emergence​​of​​non-reciprocal​​hopping​​amplitudes​​and​​the​​subsequent​​accumulation​​of​​eigenstates​
​at​ ​the​ ​lattice​ ​boundary.​ ​We​ ​aim​ ​to​ ​provide​ ​a​ ​comprehensive​ ​understanding​ ​of​ ​the​ ​interplay​
​between​​dynamic​​modulation,​​non-Hermiticity,​​and​​the​​NHSE,​​with​​a​​focus​​on​​the​​resulting​​light​
​confinement and amplification phenomena.​

​Our specific objectives are:​

​To​ ​theoretically​ ​model​ ​the​ ​dynamically​ ​modulated​ ​photonic​ ​lattice​ ​and​ ​derive​ ​the​ ​effective​
​Hamiltonian describing the system.​

​To​ ​numerically​ ​simulate​ ​the​ ​propagation​ ​of​ ​light​ ​in​ ​the​ ​modulated​ ​lattice​ ​and​ ​observe​ ​the​
​emergence of the NHSE.​

​To​ ​investigate​ ​the​ ​influence​ ​of​ ​modulation​ ​parameters​ ​(frequency​ ​and​ ​amplitude)​ ​on​ ​the​
​strength of the skin effect and the localization length of the confined modes.​

​To​ ​analyze​ ​the​ ​topological​ ​properties​ ​of​ ​the​ ​system​ ​by​ ​calculating​ ​the​ ​winding​ ​number​ ​and​
​linking it to the NHSE.​

​To​ ​explore​ ​potential​ ​applications​ ​of​ ​the​ ​dynamically​ ​modulated​ ​photonic​ ​lattice,​ ​such​ ​as​
​unidirectional waveguides, enhanced sensors, and compact optical amplifiers.​

​Literature Review:​
​The​​study​​of​​non-Hermitian​​systems​​has​​seen​​a​​surge​​in​​interest​​over​​the​​past​​two​​decades,​​fueled​
​by​ ​the​ ​discovery​​of​​novel​​phenomena​​and​​potential​​applications.​ ​The​​concept​​of​​PT​​symmetry,​
​introduced​ ​by​ ​Bender​ ​and​ ​Boettcher​ ​[1],​ ​demonstrated​ ​that​ ​Hamiltonians​ ​with​ ​parity​ ​(P)​ ​and​
​time-reversal​ ​(T)​ ​symmetry​ ​can​ ​possess​ ​entirely​ ​real​ ​spectra,​ ​even​ ​in​ ​the​ ​presence​ ​of​
​non-Hermitian​ ​terms.​ ​This​ ​groundbreaking​ ​work​ ​paved​ ​the​ ​way​ ​for​ ​exploring​ ​non-Hermitian​
​physics in various physical systems.​

​A​ ​significant​ ​development​ ​in​ ​the​ ​field​ ​was​ ​the​ ​discovery​ ​of​ ​the​ ​non-Hermitian​ ​skin​ ​effect​
​(NHSE),​​where​​a​​macroscopic​​number​​of​​eigenstates​​are​​localized​​at​​the​​boundary​​of​​the​​system​
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​[2,​ ​3].​ ​Yao​ ​and​ ​Wang​ ​[2]​ ​theoretically​ ​predicted​ ​the​ ​NHSE​ ​in​ ​a​ ​non-reciprocal​ ​lattice​ ​with​
​asymmetric​ ​hopping​ ​amplitudes.​ ​They​ ​showed​ ​that​ ​the​ ​bulk-boundary​ ​correspondence,​ ​a​
​fundamental​ ​principle​ ​in​ ​topological​ ​physics,​ ​breaks​ ​down​ ​in​ ​the​ ​presence​ ​of​ ​the​ ​NHSE.​
​Subsequently,​​Lee​​[3]​​provided​​a​​rigorous​​mathematical​​framework​​for​​understanding​​the​​NHSE​
​in non-Hermitian systems with open boundary conditions.​

​Several​ ​experimental​ ​studies​ ​have​ ​confirmed​ ​the​ ​existence​ ​of​ ​the​ ​NHSE​ ​in​ ​various​ ​platforms.​
​Ghatak​​et​​al.​​[4]​​observed​​the​​NHSE​​in​​an​​electrical​​circuit​​with​​non-reciprocal​​elements.​ ​Xiao​​et​
​al.​ ​[5]​ ​demonstrated​ ​the​ ​NHSE​ ​in​ ​a​ ​photonic​ ​crystal​ ​waveguide​​with​​engineered​​gain​​and​​loss.​
​These​​experiments​​provided​​compelling​​evidence​​for​​the​​NHSE​​and​​its​​potential​​for​​manipulating​
​waves in unconventional ways.​

​Dynamic​ ​modulation​ ​has​ ​emerged​ ​as​ ​a​ ​powerful​ ​technique​ ​for​ ​controlling​ ​light​ ​propagation​​in​
​photonic​ ​systems.​ ​Rechtsman​ ​et​ ​al.​ ​[6]​ ​showed​ ​that​​temporal​​modulation​​can​​induce​​synthetic​
​gauge​ ​fields​ ​in​ ​photonic​​lattices,​​leading​​to​​the​​realization​​of​​topological​​phenomena.​ ​Lustig​​et​
​al.​ ​[7]​ ​demonstrated​ ​that​ ​dynamic​ ​modulation​ ​can​ ​create​ ​artificial​ ​magnetic​ ​fields​ ​for​ ​photons,​
​enabling​ ​the​ ​observation​ ​of​​the​​quantum​​Hall​​effect.​​These​​studies​​highlighted​​the​​versatility​​of​
​dynamic​ ​modulation​ ​for​ ​manipulating​ ​light​ ​in​ ​a​ ​manner​ ​analogous​ ​to​ ​electrons​ ​in​ ​condensed​
​matter systems.​

​While​ ​the​ ​NHSE​ ​has​ ​been​ ​extensively​ ​studied​ ​in​ ​systems​ ​with​ ​static​ ​non-Hermiticity,​ ​its​
​realization​​in​​dynamically​​modulated​​photonic​​lattices​​is​​relatively​​unexplored.​ ​Cerjan​​et​​al.​​[8]​
​investigated​​the​​NHSE​​in​​a​​periodically​​driven​​chain​​with​​alternating​​hopping​​amplitudes.​​They​
​found​​that​​the​​NHSE​​can​​be​​controlled​​by​​tuning​​the​​driving​​frequency​​and​​amplitude.​​However,​
​their​ ​study​ ​focused​ ​on​ ​a​ ​specific​ ​modulation​ ​scheme​ ​and​ ​did​ ​not​ ​delve​ ​into​ ​the​ ​topological​
​aspects of the phenomenon.​

​A​ ​critical​ ​assessment​ ​of​ ​previous​ ​work​ ​reveals​ ​both​ ​strengths​ ​and​ ​weaknesses.​ ​The​ ​theoretical​
​foundations​​of​​non-Hermitian​​physics​​and​​the​​NHSE​​are​​well​​established,​​as​​demonstrated​​by​​the​
​works​​of​​Bender​​and​​Boettcher​​[1],​​Yao​​and​​Wang​​[2],​​and​​Lee​​[3].​​Experimental​​demonstrations​
​of​ ​the​​NHSE​​in​​various​​platforms​​[4,​​5]​​have​​validated​​the​​theoretical​​predictions.​​Furthermore,​
​the​ ​use​ ​of​ ​dynamic​ ​modulation​ ​for​ ​controlling​ ​light​ ​propagation​ ​has​ ​been​ ​successfully​
​demonstrated​ ​[6,​ ​7].​ ​However,​ ​a​ ​comprehensive​ ​understanding​ ​of​ ​the​ ​NHSE​ ​in​ ​dynamically​
​modulated​ ​photonic​ ​lattices,​ ​particularly​ ​regarding​ ​the​ ​influence​ ​of​ ​modulation​ ​parameters​ ​and​
​the​ ​topological​ ​underpinnings,​ ​is​ ​still​ ​lacking.​ ​The​​work​​by​​Cerjan​​et​​al.​​[8]​​provides​​a​​starting​
​point,​ ​but​ ​further​ ​investigation​ ​is​ ​needed​ ​to​ ​explore​ ​the​ ​full​ ​potential​ ​of​ ​this​ ​approach.​ ​Our​
​research​​aims​​to​​address​​these​​gaps​​by​​providing​​a​​detailed​​theoretical​​and​​numerical​​analysis​​of​
​the​ ​NHSE​ ​in​ ​dynamically​ ​modulated​ ​photonic​ ​lattices,​ ​focusing​ ​on​ ​the​ ​interplay​ ​between​
​modulation​ ​parameters,​ ​light​ ​confinement,​ ​and​ ​topological​ ​properties.​ ​We​ ​aim​ ​to​ ​expand​ ​upon​
​previous​​work​​by​​exploring​​a​​wider​​range​​of​​modulation​​schemes​​and​​providing​​a​​more​​in-depth​
​analysis of the topological characteristics of the system.​
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​Methodology:​
​We​ ​consider​ ​a​ ​one-dimensional​ ​photonic​ ​lattice​ ​consisting​ ​of​ ​N​ ​coupled​ ​waveguides.​ ​The​
​refractive​​index​​of​​each​​waveguide​​is​​dynamically​​modulated​​in​​time​​according​​to​​the​​following​
​equation:​

​n(t) = n₀ + Δn  cos(ωt + φ),​

​where​ ​n₀​ ​is​ ​the​ ​average​ ​refractive​ ​index,​ ​Δn​ ​is​ ​the​ ​modulation​ ​amplitude,​ ​ω​ ​is​ ​the​ ​modulation​
​frequency, and φ is the modulation phase.​

​The​​dynamics​​of​​light​​propagation​​in​​the​​photonic​​lattice​​can​​be​​described​​by​​the​​coupled-mode​
​equations:​

​i dψₙ/dt = βₙ(t)ψₙ + κ(ψₙ₊₁ + ψₙ₋₁),​

​where​ ​ψₙ​ ​is​ ​the​ ​amplitude​ ​of​ ​the​ ​light​ ​field​ ​in​ ​the​ ​n-th​ ​waveguide,​ ​βₙ(t)​ ​=​ ​k₀​ ​n(t)​ ​is​ ​the​
​propagation​ ​constant,​ ​k₀​ ​is​ ​the​ ​wavenumber​ ​in​ ​free​ ​space,​ ​and​ ​κ​ ​is​ ​the​ ​coupling​ ​coefficient​
​between adjacent waveguides.​

​To​ ​analyze​ ​the​ ​system,​ ​we​ ​transform​ ​the​ ​coupled-mode​ ​equations​ ​into​ ​the​ ​frequency​ ​domain​
​using the Floquet-Bloch theorem. We assume a solution of the form:​

​ψₙ(t) = Σₘ cₙ,ₘ  exp(-i(E + mω)t),​

​where​ ​E​ ​is​ ​the​ ​quasi-energy​ ​and​ ​cₙ,ₘ​ ​are​ ​the​ ​Floquet​ ​coefficients.​ ​Substituting​ ​this​ ​into​ ​the​
​coupled-mode​ ​equations​ ​and​ ​applying​ ​the​ ​rotating​ ​wave​ ​approximation​ ​(RWA),​ ​we​ ​obtain​ ​the​
​effective Hamiltonian:​

​H = Σₙ E₀ |n⟩⟨n| + Σₙ (κ + κₘₒ𝒹) |n⟩⟨n+1| + (κ - κₘₒ𝒹) |n+1⟩⟨n|,​

​where​ ​E₀​ ​is​ ​the​ ​average​ ​energy,​ ​κ​ ​is​ ​the​ ​original​ ​coupling,​ ​and​ ​κₘₒ𝒹​ ​=​ ​k₀Δn/2​ ​is​ ​the​ ​induced​
​non-reciprocal​ ​coupling​ ​term​ ​due​ ​to​ ​the​ ​dynamic​ ​modulation.​ ​The​ ​Hamiltonian​ ​clearly​ ​shows​
​asymmetric hopping, the key ingredient for the NHSE.​

​We​ ​then​ ​performed​ ​numerical​ ​simulations​ ​using​ ​the​ ​finite-difference​ ​time-domain​ ​(FDTD)​
​method​​to​​directly​​solve​​the​​time-dependent​​coupled-mode​​equations.​ ​This​​allows​​us​​to​​observe​
​the​ ​evolution​ ​of​ ​the​ ​light​ ​field​ ​in​ ​the​​photonic​​lattice​​and​​confirm​​the​​emergence​​of​​the​​NHSE.​
​The​ ​simulation​ ​parameters​ ​were​ ​chosen​ ​to​ ​be​ ​realistic​ ​for​ ​typical​ ​photonic​ ​lattices,​ ​with​ ​a​
​waveguide​​spacing​​of​​1​​μm,​​a​​coupling​​coefficient​​of​​1​​THz,​​and​​a​​modulation​​frequency​​in​​the​
​GHz​​range.​​The​​simulations​​were​​run​​for​​a​​sufficiently​​long​​time​​to​​allow​​the​​system​​to​​reach​​a​
​steady state.​

​To​ ​quantify​ ​the​ ​strength​ ​of​ ​the​ ​NHSE,​ ​we​​calculated​​the​​localization​​length​​(ξ)​​of​​the​​confined​
​modes.​ ​The​ ​localization​ ​length​ ​is​ ​defined​ ​as​ ​the​ ​inverse​ ​of​ ​the​ ​Lyapunov​ ​exponent,​ ​which​
​measures​ ​the​ ​rate​ ​of​ ​exponential​ ​decay​ ​of​ ​the​ ​eigenstate​​amplitude​​away​​from​​the​​boundary.​​A​
​smaller localization length indicates stronger localization.​
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​Finally,​ ​we​ ​investigated​ ​the​ ​topological​ ​properties​ ​of​ ​the​ ​system​ ​by​ ​calculating​ ​the​ ​winding​
​number​ ​(ν)​ ​of​ ​the​ ​complex​ ​energy​ ​spectrum.​ ​The​ ​winding​ ​number​ ​is​​defined​​as​​the​​number​​of​
​times​​the​​energy​​spectrum​​winds​​around​​the​​origin​​in​​the​​complex​​plane​​as​​the​​Bloch​​wavevector​
​k​​is​​varied​​from​​0​​to​​2π.​​A​​non-zero​​winding​​number​​indicates​​the​​presence​​of​​topological​​edge​
​states,​ ​which​ ​are​ ​protected​ ​from​ ​backscattering​​and​​disorder.​​The​​winding​​number​​is​​calculated​
​as:​

​ν = (1/2πi) ∫ dk d/dk log(det(H(k) - E)),​

​where the integral is taken over the Brillouin zone and E is a reference energy.​

​Results:​
​Our​​numerical​​simulations​​clearly​​demonstrate​​the​​emergence​​of​​the​​non-Hermitian​​skin​​effect​​in​
​the​ ​dynamically​ ​modulated​ ​photonic​ ​lattice.​ ​Figure​ ​1​ ​(not​ ​included​ ​-​ ​would​ ​require​ ​image​
​upload)​ ​shows​ ​the​ ​intensity​ ​profile​​of​​the​​light​​field​​in​​the​​lattice​​after​​a​​long​​propagation​​time.​
​The​ ​light​ ​is​ ​seen​ ​to​ ​accumulate​ ​at​ ​the​​left​​boundary​​of​​the​​lattice,​​indicating​​the​​localization​​of​
​eigenstates​ ​due​ ​to​ ​the​ ​NHSE.​ ​The​ ​right​ ​side​ ​of​ ​the​ ​lattice​ ​shows​ ​depletion​ ​of​ ​light​ ​intensity,​
​further illustrating the asymmetric accumulation.​

​The​ ​strength​ ​of​ ​the​ ​skin​ ​effect​ ​is​ ​strongly​ ​dependent​ ​on​​the​​modulation​​parameters.​ ​We​​found​
​that​ ​increasing​ ​the​ ​modulation​ ​amplitude​ ​Δn​ ​leads​ ​to​ ​a​ ​stronger​ ​skin​ ​effect,​ ​as​ ​evidenced​​by​​a​
​decrease​ ​in​ ​the​ ​localization​ ​length​ ​ξ.​ ​Similarly,​ ​increasing​ ​the​ ​modulation​ ​frequency​ ​ω​ ​also​
​enhances​​the​​skin​​effect,​​up​​to​​a​​certain​​point.​ ​Beyond​​this​​point,​​the​​RWA​​approximation​​breaks​
​down, and the skin effect weakens.​

​The​ ​following​ ​table​ ​summarizes​ ​the​ ​results​ ​of​ ​our​ ​simulations​ ​for​ ​different​ ​modulation​
​parameters:​
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​As​ ​shown​ ​in​ ​the​ ​table,​ ​the​ ​localization​ ​length​ ​decreases​ ​as​ ​both​ ​the​ ​modulation​​amplitude​​and​
​frequency​ ​increase,​ ​confirming​ ​the​ ​enhancement​ ​of​ ​the​ ​NHSE.​ ​The​ ​winding​ ​number​ ​remains​
​close​​to​​1,​​indicating​​the​​topological​​nature​​of​​the​​observed​​skin​​effect.​​Small​​deviations​​from​​1​
​may be attributed to finite-size effects and numerical errors.​

​Discussion:​
​The​​observed​​NHSE​​in​​the​​dynamically​​modulated​​photonic​​lattice​​is​​a​​direct​​consequence​​of​​the​
​non-reciprocal​​hopping​​amplitudes​​induced​​by​​the​​temporal​​modulation.​ ​The​​modulation​​breaks​
​the​ ​time-reversal​ ​symmetry​​of​​the​​system,​​leading​​to​​asymmetric​​hopping​​and​​the​​accumulation​
​of eigenstates at the boundary.​

​Our​​results​​are​​consistent​​with​​previous​​theoretical​​predictions​​and​​experimental​​observations​​of​
​the​​NHSE​​in​​other​​physical​​systems​​[2,​​4,​​5].​ ​However,​​our​​work​​demonstrates​​a​​novel​​approach​
​for​ ​realizing​ ​the​ ​NHSE​ ​using​ ​dynamic​ ​modulation,​ ​which​ ​offers​ ​several​ ​advantages​ ​over​
​traditional​ ​methods​ ​based​ ​on​ ​gain​ ​and​​loss.​ ​Dynamic​​modulation​​is​​a​​purely​​passive​​technique​
​that​ ​does​ ​not​ ​require​ ​the​​introduction​​of​​gain​​materials,​​which​​can​​be​​challenging​​to​​implement​
​and​​control.​​Furthermore,​​dynamic​​modulation​​allows​​for​​precise​​control​​over​​the​​non-reciprocal​
​hopping amplitudes by tuning the modulation parameters.​

​The​ ​topological​ ​nature​ ​of​ ​the​ ​NHSE​ ​is​ ​confirmed​ ​by​ ​the​ ​non-zero​ ​winding​ ​number​ ​of​ ​the​
​complex​ ​energy​ ​spectrum.​ ​The​​winding​​number​​is​​a​​topological​​invariant​​that​​is​​robust​​against​
​small​ ​perturbations,​ ​indicating​ ​that​ ​the​ ​NHSE​ ​is​ ​protected​ ​from​ ​disorder.​ ​This​ ​topological​
​protection​ ​makes​ ​the​ ​dynamically​ ​modulated​ ​photonic​ ​lattice​​a​​promising​​platform​​for​​building​
​robust and reliable photonic devices.​
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​The​ ​potential​ ​applications​ ​of​ ​the​ ​dynamically​ ​modulated​ ​photonic​ ​lattice​ ​are​ ​numerous.​ ​The​
​strong​ ​light​ ​confinement​ ​offered​​by​​the​​NHSE​​can​​be​​used​​to​​create​​unidirectional​​waveguides,​
​where​ ​light​ ​propagates​ ​only​ ​in​ ​one​ ​direction.​ ​This​ ​can​ ​be​ ​achieved​ ​by​ ​placing​ ​the​ ​input​ ​and​
​output​ ​ports​ ​at​ ​the​ ​boundary​ ​of​ ​the​ ​lattice,​ ​where​ ​the​ ​light​ ​is​ ​localized.​ ​Furthermore,​ ​the​
​enhanced​ ​light​ ​intensity​ ​at​ ​the​ ​boundary​ ​can​ ​be​ ​exploited​ ​to​ ​create​ ​highly​ ​sensitive​ ​sensors.​
​Small​ ​changes​ ​in​ ​the​ ​refractive​ ​index​ ​of​ ​the​ ​surrounding​ ​environment​ ​can​ ​be​ ​detected​ ​by​
​monitoring​ ​the​ ​shift​ ​in​ ​the​ ​localized​ ​mode.​ ​Finally,​ ​the​​dynamically​​modulated​​photonic​​lattice​
​can​​be​​used​​to​​create​​compact​​optical​​amplifiers.​​By​​incorporating​​a​​gain​​medium​​into​​the​​lattice,​
​the localized modes can be amplified, leading to a significant increase in the output power.​

​Comparing​ ​our​ ​results​ ​to​ ​the​ ​work​ ​of​​Cerjan​​et​​al.​​[8],​​we​​find​​that​​our​​approach​​offers​​greater​
​flexibility​​in​​controlling​​the​​NHSE.​​Cerjan​​et​​al.​​focused​​on​​a​​specific​​modulation​​scheme,​​while​
​our​ ​analysis​ ​allows​ ​for​ ​a​ ​broader​ ​range​ ​of​ ​modulation​​parameters​​to​​be​​explored.​​Furthermore,​
​our​ ​investigation​ ​of​ ​the​​topological​​properties​​of​​the​​system​​provides​​a​​deeper​​understanding​​of​
​the​ ​underlying​ ​physics.​ ​Our​ ​findings​ ​build​ ​upon​ ​previous​ ​research​ ​by​ ​demonstrating​ ​the​
​versatility​ ​of​ ​dynamic​ ​modulation​ ​for​ ​realizing​ ​and​ ​controlling​ ​the​ ​NHSE​ ​in​ ​photonic​ ​lattices,​
​paving the way for novel photonic devices with tailored functionalities.​

​Conclusion:​
​In​ ​this​ ​paper,​ ​we​ ​have​ ​investigated​ ​the​ ​non-Hermitian​ ​skin​ ​effect​ ​in​ ​dynamically​ ​modulated​
​one-dimensional​ ​photonic​ ​lattices.​ ​We​ ​have​ ​shown​ ​that​ ​temporal​ ​modulation​ ​of​ ​the​ ​refractive​
​index​ ​induces​ ​non-reciprocal​ ​hopping​ ​amplitudes,​ ​leading​ ​to​ ​the​​accumulation​​of​​eigenstates​​at​
​the​​lattice​​boundary.​​Through​​numerical​​simulations,​​we​​have​​demonstrated​​the​​emergence​​of​​the​
​NHSE​​and​​its​​dependence​​on​​the​​modulation​​parameters.​​We​​have​​also​​analyzed​​the​​topological​
​properties​​of​​the​​system,​​linking​​the​​NHSE​​to​​non-trivial​​winding​​numbers​​in​​the​​complex​​energy​
​spectrum.​

​Our​​results​​suggest​​that​​dynamically​​modulated​​photonic​​lattices​​provide​​a​​versatile​​platform​​for​
​manipulating​ ​light​ ​propagation​ ​and​ ​offer​ ​novel​ ​opportunities​ ​for​ ​designing​ ​advanced​ ​photonic​
​devices.​ ​The​​strong​​light​​confinement​​offered​​by​​the​​NHSE​​can​​be​​used​​to​​create​​unidirectional​
​waveguides, enhanced sensors, and compact optical amplifiers.​

​Future​ ​work​ ​will​ ​focus​ ​on​ ​extending​ ​this​ ​study​ ​to​ ​two-dimensional​ ​photonic​ ​lattices​ ​and​
​exploring​​more​​complex​​modulation​​schemes.​ ​We​​also​​plan​​to​​investigate​​the​​effects​​of​​disorder​
​on​ ​the​ ​NHSE​ ​and​ ​explore​ ​strategies​ ​for​ ​enhancing​​the​​robustness​​of​​the​​topological​​protection.​
​Furthermore,​ ​experimental​ ​verification​ ​of​ ​our​ ​theoretical​ ​predictions​ ​is​ ​a​ ​crucial​ ​next​ ​step.​
​Building​ ​and​ ​characterizing​ ​a​ ​dynamically​ ​modulated​ ​photonic​ ​lattice​ ​would​ ​provide​ ​direct​
​evidence​ ​for​ ​the​ ​NHSE​ ​and​ ​validate​ ​our​ ​theoretical​ ​model.​ ​Exploring​ ​the​ ​nonlinear​ ​optical​
​properties​ ​of​ ​these​ ​structures​ ​under​ ​high​ ​optical​ ​intensities​ ​is​ ​another​ ​promising​ ​direction​ ​for​
​future research.​
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