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​
This paper introduces a novel hybrid approach for time series forecasting of 
chaotic systems, integrating the strengths of fractional calculus and deep 
learning.  Chaotic systems, characterized by their sensitive dependence on initial 
conditions, pose significant challenges for accurate prediction. While deep 
learning models, particularly Long Short-Term Memory (LSTM) networks, have 
shown promise in capturing complex temporal dependencies, they often struggle 
with long-range dependencies and noise inherent in chaotic data.  We propose a 
hybrid model that leverages fractional derivatives to enhance the representation 
of past states, thereby improving the LSTM network's ability to learn and 
forecast chaotic time series.  The fractional derivative captures non-local 
dependencies more effectively than traditional integer-order derivatives, 
providing richer information for the deep learning component. We evaluate the 
performance of our proposed model on benchmark chaotic systems, including 
the Lorenz attractor and the Rossler system.  The results demonstrate that our 
hybrid approach significantly outperforms traditional LSTM networks and other 
established forecasting methods in terms of prediction accuracy, especially over 
longer forecasting horizons.  This work provides a valuable contribution to the 
field of time series forecasting for chaotic systems, offering a powerful tool for 
modeling and predicting complex dynamical behaviors. 
 
 
 

Introduction 
Chaotic systems are prevalent in various scientific and engineering disciplines, including 
meteorology, finance, and physics. Their inherent sensitivity to initial conditions, often referred to 
as the "butterfly effect," makes long-term prediction exceptionally challenging.  Accurate 
forecasting of chaotic time series is crucial for understanding and potentially controlling these 
systems. Traditional methods, such as linear regression and autoregressive models, often fail to 
capture the complex nonlinear dynamics inherent in chaotic systems. 

In recent years, deep learning models, particularly Recurrent Neural Networks (RNNs) and their 
variants like LSTMs, have emerged as powerful tools for time series forecasting. LSTMs, with 
their ability to learn long-range dependencies, have shown significant promise in capturing the 
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temporal dynamics of chaotic systems. However, LSTMs still face challenges in handling the 
noise and inherent complexity of chaotic data, especially when forecasting over extended 
horizons. 

One promising avenue for improving the forecasting accuracy of chaotic systems lies in the 
application of fractional calculus. Fractional calculus extends the concept of differentiation and 
integration to non-integer orders.  Fractional derivatives possess a unique property of capturing 
non-local dependencies, meaning that the derivative at a given time point depends on the entire 
history of the function, not just the immediate past. This property is particularly well-suited for 
modeling systems with memory effects, which are common in chaotic dynamics. 

Problem Statement: 

Despite the advancements in deep learning and fractional calculus, a significant gap remains in 
effectively integrating these two powerful techniques for enhanced time series forecasting of 
chaotic systems. Existing approaches often treat these methods as separate entities, failing to fully 
leverage their synergistic potential. The challenge lies in developing a hybrid model that can 
seamlessly combine the strengths of fractional derivatives in capturing long-range dependencies 
with the learning capabilities of deep learning models like LSTMs. 

Objectives: 

The primary objectives of this research are: 

1.  To develop a novel hybrid model that integrates fractional calculus and deep learning 
(specifically LSTM networks) for time series forecasting of chaotic systems. 

2.  To investigate the optimal order of the fractional derivative for enhancing the performance of 
the LSTM network. 

3.  To evaluate the performance of the proposed hybrid model on benchmark chaotic systems, 
such as the Lorenz attractor and the Rossler system, and compare it to traditional LSTM networks 
and other established forecasting methods. 

4.  To analyze the impact of different fractional derivative definitions (e.g., Riemann-Liouville, 
Caputo) on the forecasting accuracy of the hybrid model. 

5.  To demonstrate the superiority of the proposed hybrid model in terms of prediction accuracy, 
especially over longer forecasting horizons. 

Literature Review 
The field of time series forecasting for chaotic systems has witnessed significant advancements 
over the past few decades. This section provides a critical review of relevant literature, 
highlighting the strengths and weaknesses of existing approaches. 

Traditional Methods: 

22 



 

Early attempts at forecasting chaotic time series relied on traditional statistical methods, such as 
autoregressive models and linear regression.  These methods, while simple to implement, often 
fail to capture the complex nonlinear dynamics inherent in chaotic systems.  For example, [1] 
explores the limitations of linear models in forecasting the Lorenz attractor, demonstrating their 
inability to accurately predict long-term behavior. Takens' embedding theorem [2] provided a 
theoretical foundation for reconstructing the state space of a dynamical system from a single time 
series, paving the way for nonlinear forecasting techniques.  However, the practical 
implementation of Takens' embedding theorem can be challenging, requiring careful selection of 
the embedding dimension and time delay. 

Deep Learning Approaches: 

The advent of deep learning has revolutionized time series forecasting, offering powerful tools for 
capturing complex temporal dependencies. Gers et al. [3] introduced the LSTM network, a type 
of recurrent neural network designed to overcome the vanishing gradient problem that plagues 
traditional RNNs.  LSTMs have proven particularly effective in forecasting chaotic time series. 
For instance, Vlachas et al. [4] demonstrated the superior performance of LSTMs compared to 
traditional methods in predicting the Lorenz attractor and other chaotic systems.  However, 
LSTMs can still struggle with long-range dependencies and noise inherent in chaotic data.  
Furthermore, the training of deep learning models can be computationally expensive and require 
large amounts of data. 

Fractional Calculus Applications: 

Fractional calculus has emerged as a promising tool for modeling systems with memory effects.  
Podlubny [5] provides a comprehensive overview of fractional calculus theory and its 
applications in various fields.  Caputo and Fabrizio [6] introduced a new definition of fractional 
derivative without singular kernel, offering an alternative approach to modeling complex systems.  
Several studies have explored the use of fractional derivatives in modeling chaotic systems.  For 
example, Deng et al. [7] proposed a fractional-order Lorenz system and demonstrated its richer 
dynamical behavior compared to the integer-order system.  However, the application of fractional 
calculus to time series forecasting is still relatively limited. 

Hybrid Approaches: 

Few studies have attempted to integrate fractional calculus and deep learning for time series 
forecasting.  One notable exception is the work by Zhang et al. [8], which proposed a hybrid 
model combining fractional-order differential equations with a neural network for predicting the 
dynamics of a fractional-order chaotic system.  However, this approach focuses on modeling the 
underlying dynamics of the system rather than directly forecasting the time series.  Another study 
by Li et al. [9] used fractional-order derivatives as features for a support vector machine (SVM) 
classifier for fault diagnosis.  While these studies demonstrate the potential of combining 
fractional calculus and machine learning, they do not fully explore the synergistic benefits of 
integrating fractional derivatives directly into the architecture of a deep learning model for time 
series forecasting.  Furthermore, the choice of fractional derivative order is often treated as a 
fixed parameter, without a systematic investigation of its impact on forecasting accuracy.  [10] 
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discusses the computational challenges associated with fractional calculus and proposes efficient 
numerical methods for approximating fractional derivatives.  [11] explores the application of 
fractional-order control in stabilizing chaotic systems.  [12] investigates the use of 
fractional-order models in image processing. [13] provides a general overview of time series 
analysis techniques. [14] offers a detailed discussion of the properties and applications of LSTM 
networks. [15] examines the challenges and opportunities in applying deep learning to scientific 
computing. 

Critical Analysis: 

Existing literature highlights the strengths and weaknesses of different approaches to time series 
forecasting of chaotic systems. Traditional methods are limited in their ability to capture 
nonlinear dynamics. Deep learning models, particularly LSTMs, offer improved performance but 
can struggle with long-range dependencies and noise. Fractional calculus provides a promising 
tool for modeling memory effects, but its application to time series forecasting is still relatively 
limited. Existing hybrid approaches often fail to fully integrate fractional calculus and deep 
learning, neglecting the potential for synergistic benefits. Furthermore, the optimal choice of 
fractional derivative order and definition remains an open question. Our research aims to address 
these limitations by developing a novel hybrid model that seamlessly integrates fractional 
calculus and deep learning, systematically investigating the impact of different fractional 
derivative parameters, and demonstrating its superior performance on benchmark chaotic 
systems. 

Methodology 
This section details the methodology employed in developing and evaluating the proposed hybrid 
model for time series forecasting of chaotic systems. 

Data Acquisition and Preprocessing: 

We utilize two benchmark chaotic systems: the Lorenz attractor and the Rossler system. The 
Lorenz system is defined by the following set of differential equations: 

 

dx/dt = σ(y - x) 

dy/dt = x(ρ - z) - y 

dz/dt = xy - βz 

 

where σ = 10, ρ = 28, and β = 8/3 are the standard parameter values. 

The Rossler system is defined by: 
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dx/dt = -y - z 

dy/dt = x + ay 

dz/dt = b + z(x - c) 

 

where a = 0.2, b = 0.2, and c = 5.7 are the standard parameter values. 

We generate time series data by numerically solving these differential equations using the 
Runge-Kutta 4th order method with a time step of 0.01. We generate 10,000 data points for each 
system and use the first 8,000 points for training and the remaining 2,000 points for testing. The 
data is normalized to the range [0, 1] using min-max scaling. 

Fractional Derivative Calculation: 

We employ the Caputo definition of the fractional derivative, which is defined as: 

 

D^α f(t) = (1/Γ(n-α)) ∫_0^t (t-τ)^(n-α-1) f^(n)(τ) dτ 

 

where α is the order of the fractional derivative (0 < α < 1), Γ is the Gamma function, and n is the 
smallest integer greater than α. We approximate the Caputo fractional derivative using a 
numerical method based on the Grünwald-Letnikov definition: 

 

D^α f(t) ≈ h^(-α) Σ_(j=0)^N w_j f(t - jh) 

 

where h is the time step, N is the memory length, and w_j are the Grünwald-Letnikov weights, 
which are calculated as: 

 

w_0 = 1 

w_j = (1 - (1 + α)/(j)) w_(j-1) 

 

We investigate different values of α (e.g., 0.2, 0.4, 0.6, 0.8) to determine the optimal order of the 
fractional derivative for enhancing the performance of the LSTM network. The memory length N 
is set to 100. 

LSTM Network Architecture: 

25 



 

We employ a single-layer LSTM network with 100 hidden units. The input to the LSTM network 
consists of two components: 

   The original time series data. 

   The fractional derivative of the time series data. 

The output of the LSTM network is the predicted value of the time series at the next time step. 

Hybrid Model Training: 

The hybrid model is trained using the Adam optimizer with a learning rate of 0.001. The loss 
function is the mean squared error (MSE) between the predicted and actual values. The training is 
performed for 100 epochs with a batch size of 32. 

Evaluation Metrics: 

We evaluate the performance of the proposed hybrid model using the following metrics: 

   Mean Squared Error (MSE) 

   Root Mean Squared Error (RMSE) 

   Mean Absolute Error (MAE) 

   Normalized Root Mean Squared Error (NRMSE) 

Comparison with Baseline Models: 

We compare the performance of the proposed hybrid model with the following baseline models: 

   Traditional LSTM network (without fractional derivatives) 

   Autoregressive Integrated Moving Average (ARIMA) model 

Results 
This section presents the results of the experiments conducted to evaluate the performance of the 
proposed hybrid model. 

Performance on Lorenz Attractor: 

The following table shows the performance of the hybrid model, the traditional LSTM network, 
and the ARIMA model on the Lorenz attractor time series. The results are averaged over 10 
independent runs. 
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Performance on Rossler System: 

The following table shows the performance of the hybrid model, the traditional LSTM network, 
and the ARIMA model on the Rossler system time series. The results are averaged over 10 
independent runs. 

 

Analysis: 
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The results clearly demonstrate that the proposed hybrid model outperforms both the traditional 
LSTM network and the ARIMA model on both the Lorenz attractor and the Rossler system. The 
hybrid model achieves significantly lower MSE, RMSE, MAE, and NRMSE values, indicating 
superior prediction accuracy. The optimal order of the fractional derivative appears to be around 
α=0.6 for both systems. The inclusion of the fractional derivative information significantly 
enhances the LSTM network's ability to capture the complex dynamics of the chaotic systems. 

Discussion 
The results obtained in this study provide strong evidence for the effectiveness of the proposed 
hybrid model in time series forecasting of chaotic systems. The integration of fractional calculus 
and deep learning allows for a more comprehensive representation of the system's dynamics, 
leading to improved prediction accuracy. 

The superior performance of the hybrid model can be attributed to the ability of fractional 
derivatives to capture non-local dependencies, which are crucial for modeling systems with 
memory effects. The fractional derivative provides richer information to the LSTM network, 
enabling it to learn and forecast the chaotic time series more effectively. The optimal order of the 
fractional derivative, found to be around α=0.6, suggests that there is a specific level of 
non-locality that is most beneficial for capturing the dynamics of these chaotic systems. 

These findings are consistent with previous research that has highlighted the importance of 
memory effects in chaotic systems [7]. Our results extend this research by demonstrating that 
fractional derivatives can be effectively integrated into deep learning models to improve 
forecasting accuracy. 

The comparison with the traditional LSTM network and the ARIMA model further underscores 
the advantages of the proposed hybrid approach. The traditional LSTM network, while capable of 
capturing some of the temporal dependencies, struggles to handle the long-range dependencies 
and noise inherent in chaotic data. The ARIMA model, being a linear model, is fundamentally 
limited in its ability to capture the nonlinear dynamics of chaotic systems. 

The results also highlight the importance of carefully selecting the order of the fractional 
derivative. Different values of α can lead to different forecasting accuracies. This suggests that 
the optimal order of the fractional derivative may be system-dependent and should be carefully 
tuned for each specific application. 

Conclusion 
This paper presented a novel hybrid approach for time series forecasting of chaotic systems, 
integrating the strengths of fractional calculus and deep learning. The proposed hybrid model, 
which combines fractional derivatives with an LSTM network, significantly outperforms 
traditional LSTM networks and other established forecasting methods in terms of prediction 
accuracy. The results demonstrate that the inclusion of fractional derivative information enhances 
the LSTM network's ability to capture the complex dynamics of chaotic systems. The optimal 
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order of the fractional derivative appears to be around α=0.6 for the Lorenz attractor and the 
Rossler system. 

Future Work: 

Future research directions include: 

   Investigating the application of the proposed hybrid model to other chaotic systems, such as the 
Henon map and the logistic map. 

   Exploring different fractional derivative definitions (e.g., Riemann-Liouville, Caputo-Fabrizio) 
and their impact on forecasting accuracy. 

   Developing adaptive methods for selecting the optimal order of the fractional derivative. 

   Incorporating other deep learning architectures, such as convolutional neural networks (CNNs), 
into the hybrid model. 

   Applying the proposed hybrid model to real-world time series data from various domains, such 
as finance and meteorology. 

   Investigating the use of fractional-order LSTM units to further improve the model's ability to 
capture long-range dependencies. 

This work provides a valuable contribution to the field of time series forecasting for chaotic 
systems, offering a powerful tool for modeling and predicting complex dynamical behaviors. 
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