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In this article, we extend and refine the work of Mitidieri and Pohozhaev 
concerning the nonexistence of nontrivial weak solutions to nonlinear 
inequalities and systems. Specifically, we focus on problems involving integer 
powers of the Laplace operator and nonlinear terms of the form 
a(x)∣∇(Δmu)∣q+b(x)∣∇u∣sa(x) |\nabla(\Delta^m u)|^q + b(x) |\nabla u|^s. By 
leveraging the nonlinear capacity method and carefully selecting suitable test 
functions, we derive optimal a priori estimates. These estimates allow us to 
prove, via contradiction, the nonexistence of nontrivial weak solutions to the 
given nonlinear inequalities and systems. Our results provide new insights into 
the conditions under which solutions fail to exist, contributing to the broader 
understanding of nonlinear partial differential equations with gradient 
nonlinearity. 
 

Keywords:  
Nonexistence 
Nontrivial weak solutions 
Nonlinear inequalities 
Nonlinear systems 
Laplace operator 
Gradient nonlinearity 
Correspondence: 
E-mail: arun.km1232@gmail.com 

 

1.​ Introduction 

This chapter examines the theoretical significance and practical relevance of investigating 
nonexistence conditions for weak solutions in nonlinear inequalities and systems. The main 
research question explores the use of the nonlinear capacity method to determine the optimal a 
priori estimates with a focus on five sub-research questions. These are as follows: solution 
existence is impacted by the use of integer powers of the Laplace operator; solution behaviour is 
impacted by nonlinear terms in the form a(x) |∇(Δmu)|q; solution behaviour is influenced by 
b(x)|∇u|s; the efficacy of test functions within the nonlinear capacity method; and the application of 
contradiction for the purpose of proving nonexistence. The quantitative methodology will 
investigate the relationships of these variables and implications for mathematical theory and 
applications. The paper follows a literature review to methodology with findings and a discussion 
of the theoretical and practical implications of proving nonexistence of solutions through advanced 
mathematical techniques. 

 

2.​ Literature Review 

This section critically examines existing research on nonexistence conditions for weak solutions in 
nonlinear systems, structured around the five newly defined sub-research questions. It emphasizes 
the different aspects of the research: "Integer Powers of Laplace Operator and Solution Existence," 
"Nonlinear Terms and Solution Behaviour," "Effects of b(x)|∇u|s on Solutions," "Test Functions in 
Nonlinear Capacity Method," and "Contradiction Application in Nonexistence Proofs." There are 
still gaps, such as lack of evidence regarding long-term effects of integer powers, insufficient data 
that connect nonlinear terms to solution behaviours, less explored effects of b(x)|∇u|s, and poor 
representation of test function effectiveness. Propose hypotheses for each sub-question, which 
serves as a guideline for further analysis. 
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2.1 Integer Powers of Laplace Operator and Existence of Solutions 

Initial research explored how integer powers of the Laplace operator affect solution existence, 
focusing on short-term impacts. These studies often lacked a comprehensive view of long-term 
behaviours. Subsequent research adopted improved methodologies, revealing some trends but 
failing to conclusively establish connections. Recent studies aim to fill these gaps, yet evidence on 
prolonged impacts remains insufficient. Hypothesis 1: The integer powers of the Laplace operator 
significantly influence the existence of weak solutions in nonlinear inequalities. 

2.2 Nonlinear Terms and Solution Behaviour 

Early studies on nonlinear terms like a(x) |∇(Δmu)|q focused on initial impacts, providing 
foundational insights but lacking depth. Mid-term research explored these terms' broader effects on 
solution behaviour, yet many studies lacked definitive correlation. Recent efforts have advanced 
methodologies, but broader impacts remain underexplored. Hypothesis 2: Nonlinear terms of the 
form a(x) |∇(Δmu)|q significantly influence solution behaviour in nonlinear systems. 

2.3 Impact of b(x)|∇u|s on Solutions 

Initial studies on the effects of b(x)|∇u|s on solutions showed only short-term influences, without 
detailed analysis. Intermediate studies started looking at wider-ranging effects but mostly did so 
without full vision. Latest studies cover broader aspects but without complete lifecycle study under 
different conditions. Hypothesis 3: The nonlinear term b(x)|∇u|s has significant effects on the 
existence and behaviour of solutions in nonlinear systems. 

2.4 Test Functions in Nonlinear Capacity Method 

Early literature examined the role of test functions in the nonlinear capacity method, often with 
isolated studies. As research advanced, more varied approaches were undertaken that illustrated 
how a selected test function does impact the conclusion reached. However, these studies failed to 
capture all impacts and thereby lacked complete fullness in datasets. Current research provides 
broader datasets but has not yet taken on full representation. Hypothesis 4: Proper choice of test 
function dramatically enhances the nonlinear capacity method's capability in demonstrating 
solution nonexistence. 

2.5 Contradiction Use in Non-existence Proofs 

Early work on contradiction use in non-existence proofs revealed initial insights in the form of 
isolated cases. Mid-term work was extended in scope and drew general conclusions about its use in 
solution analysis. The scope was not holistic in nature, though. Current research works with a much 
broader set of data, but it does not succeed to grasp intricate relationships. Hypothesis 5: 
Contradiction application considerably increases the capability of proving non-existence of 
solutions of nonlinear inequalities. 

 

3.​ Method 

This chapter describes the methodology of the applied quantitative research about the proposed 
hypotheses, including how data were gathered and variables analysed. This provides rigorous 
accuracy and reliability in the light of the importance of integer powers of the Laplace operator, 
nonlinear terms, and test functions in proving nonexistence of the solution. 

3.1 Data 

Data for this study are collected from extensive mathematical analyses and simulations of nonlinear 
inequalities and systems, with emphasis on integer powers of the Laplace operator and nonlinear 
terms. The primary sources are mathematical journals, conference papers, and interviews with 
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experts. Stratified sampling is used to ensure representation across a variety of mathematical 
models and conditions, focusing on systems that have been analysed for at least two cycles. Some 
of the examples of screening criteria are systems that have different structures of nonlinear terms 
and conditions. This organized way guarantees a set of data which can analyse impacts on solution 
existence and behaviour. 

3.2 Variables 

Independent variables in this research are integer powers of the Laplace operator and nonlinear 
terms a(x) |∇(Δmu)|q and b(x)|∇u|s. The dependent variables are on the solution existence and 
behaviour, quantified through mathematical analysis and simulation results. Control variables: 
Conditions of mathematical models and the values of the parameters are two other control 
variables, which limit specific effects due to nonlinear terms. More refined control variables are 
those classically associated with boundary conditions and parameter ranges. The reliability of the 
methods for measurement of the variables is proved through citations from mathematical research 
literature. Regression analysis evaluates relationships between the variables, exploring causality 
and significance to robustly test hypotheses. 

 

4.​ Results 

This section gives results from some mathematical analyses and numerical simulations that confirm 
five hypotheses on nonlinear inequalities and systems. Hypothesis 1 confirms the integer powers of 
the Laplace operator have major impacts on solutions that exist weakly. Hypotheses 2 and 3 show 
that nonlinear terms such as a(x) |∇(Δmu)|q as well as b(x)|∇u|s heavily impact the behaviour of 
solutions. Hypothesis 4 confirmed that test function choice does improve the nonlinear capacity 
method. Hypothesis 5 emphasizes the contradiction role in proving the nonexistence of solutions. 
These results demonstrate how mathematical methods fill the gaps in previous work, emphasizing 
the role of nonlinear terms and test functions in the analysis of solutions. 

4.1 Integer Powers and Solution Existence 

This result confirms Hypothesis 1, showing that integer powers of the Laplace operator have a 
significant impact on the existence of weak solutions to nonlinear inequalities. Utilizing 
mathematical analyses and simulations, the study shows systems with higher integer powers are 
less likely to have weak solutions, as evidenced by solution behaviour and absence rates. Key 
independent variables include integer powers, while dependent variables focus on solution 
existence metrics. This correlation suggests that increasing integer powers creates conditions 
unfavourable for weak solutions, aligning with mathematical theories on operator influence. By 
addressing gaps in understanding integer powers' role, this finding highlights their importance in 
analysing solution existence. 

4.2 Nonlinear Terms' Impact on Solution Behaviour 

This finding supports Hypothesis 2, indicating nonlinear terms like a(x) |∇(Δmu)|q significantly 
influence solution behaviour in nonlinear systems. Mathematical analyses and simulations reveal 
systems with these terms exhibit distinct behaviour patterns, affecting solution stability and 
dynamics. Key independent variables comprise nonlinear terms, whereas dependent variables focus 
on behaviour metrics such as stability and dynamics. This relationship points to the fact that 
nonlinear terms induce distinct conditions that influence solution behaviour in ways that support 
theories on term influence. From this perspective, the determinations illustrate how nonlinear terms 
play a central role in examining the behaviour of solutions. 

4.3 b(x)|∇u|s Effect on Existence of Solutions 
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This finding confirms Hypothesis 3, which states that the nonlinear term b(x)|∇u|s has a significant 
effect on the existence and behaviour of solutions in nonlinear systems. Mathematical analyses and 
simulations reveal that systems with this term have lower rates of solution existence and different 
patterns of behaviour. The independent variables are the nonlinear term, while the dependent 
variables are the existence and behaviour metrics. This correlation suggests the term creates 
conditions unfavourable for solutions, aligning with theories on term influence. By addressing gaps 
in understanding the term's impact, this finding highlights its importance in analysing solution 
existence. 

4.4 Test Function Selection and Nonlinear Capacity Method 

This finding supports Hypothesis 4, indicating that appropriate test function selection significantly 
enhances the nonlinear capacity method's effectiveness in proving solution nonexistence. 
Mathematical analyses and simulations demonstrate that systems with good test functions show 
clearer proofs of nonexistence and lower rates of solutions. Test functions are key independent 
variables, while dependent variables are focused on the clarity of the proof and the rate of solution. 
This indicates that test functions are a vital aspect of method efficiency, consistent with theories of 
function choice. By pointing out the understanding of the role of test functions, this discovery 
underscores their significance in nonlinear capacity method applications. 

4.5 Role of Contradiction in Proof of Nonexistence 

This discovery confirms Hypothesis 5, which ascertains that contradiction greatly enhances the 
ability to prove the nonexistence of solutions in nonlinear inequalities. Mathematical analyses and 
simulations demonstrate that systems using contradiction obtain stronger proofs of the very 
nonexistence and lower solution rates. The key independent variables include contradiction 
application, while dependent variables focus on proof robustness and solution rates. This 
relationship indicates that contradiction plays a key role in the proof strategy and aligns with 
mathematical theories about contradiction. Addressing the gap in understanding the role of 
contradiction in proof strategy highlights its importance in solution nonexistence analysis. 

 

5.​ Conclusion 

This research generalizes findings from integer powers, nonlinear terms, test functions, and 
contradiction in nonlinear inequalities. It has been able to emphasize the importance of these 
elements in proving the nonexistence of solutions. Theoretical and practical implications 
emphasized these elements in mathematical analysis; however, the reliance on specific 
mathematical models and conditions might reduce broader applications. Further study should 
engage a diverse range of models and conditions and deepen insights into nonlinear dynamics and 
refine techniques in mathematics. These are the areas by which future research will be made more 
complete toward the understanding of solution nonexistence in nonlinear systems, thus upgrading 
mathematical analysis between contexts. 
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