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​This​ ​paper​ ​introduces​ ​bivariate​ ​Weibull​ ​distributions​ ​derived​ ​from​ ​copula​
​functions​ ​to​ ​model​ ​survival​ ​data,​ ​incorporating​ ​cure​ ​fraction,​ ​censored​
​observations,​ ​and​​covariates.​​The​​study​​explores​​two​​copula​​functions:​​the​​FGM​
​(Farlie-Gumbel-Morgenstern)​​copula​​and​​the​​Gumbel​​copula.​​These​​copulas​​are​
​used​ ​to​ ​describe​ ​the​ ​dependence​ ​structure​ ​between​ ​two​ ​survival​ ​times​ ​while​
​accounting​ ​for​ ​the​ ​cure​ ​fraction,​ ​a​ ​scenario​ ​where​ ​a​ ​certain​ ​proportion​ ​of​
​subjects​ ​are​ ​assumed​ ​to​ ​be​ ​immune​ ​or​ ​never​​experience​​the​​event​​of​​interest.​
​The​ ​analysis​ ​also​​addresses​​the​​presence​​of​​censored​​data,​ ​which​​occurs​​when​
​the​​event​​of​​interest​ ​is​ ​not​ ​observed​​for​​some​​subjects​​within​​the​​study​​period.​
​To​ ​estimate​ ​the​ ​model​ ​parameters,​ ​we​ ​adopt​ ​a​ ​Bayesian​ ​inference​ ​approach​
​using​ ​standard​ ​Markov​ ​Chain​ ​Monte​ ​Carlo​ ​(MCMC)​ ​methods.​ ​The​ ​proposed​
​methodology​ ​is​ ​applied​ ​to​ ​a​ ​medical​ ​dataset,​ ​illustrating​ ​its​ ​practical​
​applicability​ ​in​ ​real-world​ ​scenarios.​ ​The​ ​results​ ​highlight​ ​the​ ​advantages​ ​of​
​using​ ​copula-based​ ​bivariate​ ​Weibull​ ​models​ ​for​ ​survival​ ​data​ ​analysis,​
​especially​ ​when​​dealing​​with​​complex​​data​​structures,​ ​including​​censoring​​and​
​cure​ ​fractions.​ ​This​ ​approach​ ​provides​ ​a​ ​robust​ ​framework​ ​for​ ​modelling​
​dependencies​ ​between​ ​survival​ ​times​ ​and​ ​offers​ ​a​ ​comprehensive​ ​method​ ​for​
​parameter​ ​estimation​ ​under​ ​Bayesian​ ​inference.​ ​The​ ​findings​ ​suggest​ ​that​ ​the​
​incorporation​​of​​copula​​functions​​into​​the​​bivariate​​Weibull​ ​model​​enhances​​its​
​flexibility​​and​​ability​​to​​capture​​the​​inherent​​dependence​​between​​survival​​times​
​in various medical and reliability studies.​
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​1. Introduction​

​This​​paper​​focuses​​on​​developing​​bivariate​​Weibull​​distributions​​using​​copula​​functions.​​This​​study​
​will​ ​address​ ​the​ ​practical​ ​and​ ​theoretical​ ​importance​ ​in​ ​the​ ​analysis​ ​of​ ​survival​ ​data​ ​with​ ​cure​
​fraction​ ​and​ ​censored​ ​data.​ ​The​ ​central​ ​research​ ​question​ ​focuses​ ​on​ ​how​ ​to​ ​effectively​ ​derive​
​bivariate​​Weibull​​distributions​​from​​copula​​functions,​​accounting​​for​​cure​​fractions,​​censored​​data,​
​and​​covariates.​​The​​problem​​is​​broken​​down​​into​​five​​sub-research​​questions-the​​role​​of​​the​​FGM​
​copula​ ​in​ ​modelling​ ​bivariate​ ​distribution,​ ​application​ ​of​​the​​Gumbel​​copula​​in​​survival​​analysis,​
​the​ ​impact​ ​of​ ​cure​ ​fraction​ ​on​ ​model​ ​accuracy,​ ​ways​ ​of​ ​handling​ ​censored​ ​data​ ​in​ ​copula-based​
​models,​ ​and​ ​the​ ​influence​ ​of​ ​covariates​ ​on​ ​model​​predictiveness.​​It​​uses​​a​​quantitative​​approach,​
​where​ ​the​ ​independent​ ​variables​ ​(types​​of​​copula,​​cure​​fraction,​​and​​covariates)​​are​​related​​to​​the​
​dependent​ ​variable​ ​that​ ​is​ ​the​ ​model​ ​accuracy​ ​and​ ​predictive​ ​power.​ ​The​ ​research​ ​flow​ ​covers​
​literature​ ​review​ ​methodology,​ ​results,​ ​and​ ​conclusion​ ​within​ ​a​ ​systematic​ ​analytical​ ​procedure​
​about the copula function application in survival analysis.​

​2. Literature Review​

​This​​section​​critically​​reviews​​previous​​works​​on​​the​​use​​of​​copula​​functions​​in​​survival​​analysis.​​It​
​is​ ​structured​ ​around​ ​five​ ​key​ ​areas​​based​​on​​our​​introductory​​sub-questions:​​the​​role​​of​​the​​FGM​
​copula,​​the​​application​​of​​the​​Gumbel​​copula,​​the​​effect​​of​​cure​​fraction,​​handling​​of​​censored​​data,​
​and​​the​​effect​​of​​covariates.​​The​​given​​questions​​result​​in​​the​​following​​conclusions:​​"FGM​​Copula​
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​in​ ​Bivariate​ ​Weibull​ ​Distributions,​ ​Gumbel​ ​Copula​ ​in​ ​Survival​ ​Analysis,"​ ​"Cure​ ​Fraction​ ​and​
​Model​ ​Accuracy,"​ ​"Censored​ ​Data​ ​in​ ​Copula-Based​ ​Models,​ ​and​ ​Covariates​ ​Influence​ ​on​
​Predictive​​Power."​​Although​​substantial​​progress​​has​​been​​made,​​more​​research​​gaps​​appear,​​such​
​as​​the​​lack​​of​​understanding​​of​​cure​​fraction​​long-run​​effects​​and​​poorly​​investigated​​covariates.​​To​
​bridge these research gaps, a hypothesis is framed for each of the subquestions.​

​2.1 FGM Copula in Bivariate Weibull Distributions​

​The​ ​initial​ ​research​ ​considered​ ​the​ ​capability​ ​of​ ​the​ ​FGM​ ​copula​ ​in​ ​modelling​ ​bivariate​
​relationships,​ ​showing​ ​that​ ​it​ ​is​ ​simple​ ​but​ ​does​ ​not​ ​model​ ​complex​ ​dependencies​ ​well.​ ​More​
​robust​​models​​were​​then​​developed,​​but​​they​​failed​​to​​offer​​flexibility.​​The​​latest​​improvements​​in​
​adaptability​ ​are​ ​still​ ​limited​ ​in​ ​modelling​ ​complete​ ​dependency.​ ​Hypothesis​ ​1:​ ​The​​FGM​​copula​
​improves​​the​​modelling​​of​​bivariate​​Weibull​​distributions​​by​​capturing​​the​​important​​dependencies​
​in survival data.​

​2.2 Gumbel Copula in Survival Analysis​

​Early​ ​studies​ ​on​ ​the​ ​Gumbel​ ​copula​ ​largely​ ​emphasized​ ​its​ ​strength​ ​in​ ​modelling​ ​asymmetric​
​dependencies​ ​but​ ​hardly​ ​stood​ ​robust​ ​validation​ ​in​ ​survival​ ​contexts.​ ​Improved​ ​techniques​ ​for​
​validation​ ​have​ ​strengthened​ ​the​ ​evidence​ ​a​ ​good​ ​deal​ ​but​ ​rather​ ​have​ ​a​ ​challenge​ ​in​ ​terms​ ​of​
​computational​ ​complexity.​ ​Some​ ​contemporary​ ​efforts​ ​are​ ​searching​ ​to​ ​achieve​ ​equilibrium​
​between​ ​complexity​ ​and​ ​applicability,​ ​with​ ​challenges​ ​in​ ​computational​ ​efficiency​ ​continuing.​
​Hypothesis​ ​2:​ ​The​ ​Gumbel​ ​copula​ ​effectively​ ​models​ ​asymmetrical​ ​dependence​ ​relationships​ ​in​
​survival analyses, providing robust results in the presence of censored data.​

​2.3 Cure Fraction and Model Accuracy​

​The​​early​​studies​​of​​the​​cure​​fraction​​on​​model​​fit​​presented​​some​​evidence​​for​​improved​​fit​​of​​the​
​model,​ ​but​ ​they​ ​failed​ ​to​ ​adequately​ ​validate​ ​the​ ​results.​ ​Later​ ​studies​ ​offered​ ​better​ ​validation​
​schemes​ ​but​ ​could​ ​not​ ​balance​ ​complexity​ ​and​ ​accuracy.​ ​Latest​ ​attempts​ ​try​ ​to​ ​improve​ ​these​
​models,​​but​​difficulties​​in​​accurately​​estimating​​cure​​fractions​​have​​been​​found.​​Hypothesis​​3:​​The​
​inclusion​ ​of​ ​cure​ ​fraction​ ​highly​ ​improves​ ​the​ ​fitting​ ​of​ ​survival​ ​models,​ ​offering​ ​improved​
​long-term survival probability predictions​​.​

​2.4 Copula-Based Models for Handling Censored Data​

​Basic​ ​methods​ ​of​ ​the​ ​earliest​ ​studies​ ​had​ ​successfully​ ​enhanced​ ​model​ ​robustness;​ ​however,​ ​in​
​general,​ ​comprehensive​ ​solutions​ ​were​ ​rarely​ ​present.​ ​Further​ ​work​ ​introduced​ ​complex​
​algorithms,​​yet​​were​​not​​particularly​​time-efficient.​​Improved​​handling​​abilities​​continue​​to​​remain​
​among​ ​the​ ​newest​ ​studies,​ ​although​ ​simplicity​ ​and​ ​speed​ ​balance​ ​remains​ ​one​ ​challenge.​
​Hypothesis 4: Censoring handling improves the model robustness as well as predictiveness​​.​

​2.5 Effect of Covariates on Predictive Power​

​Early​ ​studies​​on​​covariate​​effects​​on​​predictive​​power​​showed​​significant​​influences​​but​​often​​did​
​not​​integrate​​them​​fully​​into​​models.​​Later​​studies​​improved​​integration​​techniques,​​which​​provided​
​stronger​​evidence​​but​​faced​​challenges​​with​​model​​complexity.​​Recent​​efforts​​are​​trying​​to​​improve​
​these​​integrations,​​but​​challenges​​in​​balancing​​accuracy​​and​​complexity​​remain.​​Hypothesis​​5:​​The​
​inclusion​ ​of​ ​covariates​ ​significantly​ ​enhances​ ​the​ ​predictive​ ​power​ ​of​ ​bivariate​ ​Weibull​ ​models,​
​offering deeper insights into survival data dynamics.​

​3. Method​

​This​​section​​describes​​the​​quantitative​​methodology​​used​​to​​test​​the​​hypotheses.​​It​​outlines​​the​​data​
​collection​​process,​​variables​​used,​​and​​statistical​​methods​​applied​​to​​ensure​​accuracy​​and​​reliability​
​of the findings.​
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​4. Data​

​Data​ ​are​ ​extracted​ ​from​ ​a​ ​medical​ ​dataset,​ ​which​ ​is​ ​collected​ ​through​ ​clinical​ ​trials​ ​and​ ​patient​
​records​​from​​2010​​to​​2023.​​The​​dataset​​contains​​survival​​times,​​cure​​status,​​and​​relevant​​covariates.​
​Stratified​ ​sampling​ ​ensures​ ​diverse​ ​representation,​ ​focusing​ ​on​ ​patients​​with​​varied​​demographic​
​and​ ​clinical​ ​characteristics.​ ​Sample​ ​screening​ ​criteria​ ​include​ ​survival​ ​time​ ​and​​censoring​​status,​
​ensuring robust analysis of survival dynamics​​.​

​5. Variables​

​Independent​​variables​​include​​the​​type​​of​​copula​​function,​​cure​​fraction,​​and​​covariates​​such​​as​​age​
​and​ ​treatment​ ​type.​ ​Dependent​ ​variables​ ​focus​ ​on​ ​model​ ​accuracy​​and​​predictive​​power.​​Control​
​variables​​include​​patient​​demographics​​and​​clinical​​characteristics.​​Literature​​is​​cited​​to​​validate​​the​
​reliability​​of​​measurement​​methods,​​employing​​regression​​analysis​​to​​explore​​variable​​relationships​
​and test hypotheses​​.​

​6. Results​

​The​ ​findings​ ​begin​ ​with​ ​descriptive​ ​statistics​ ​of​ ​the​ ​medical​ ​dataset,​ ​outlining​ ​distributions​ ​for​
​independent​ ​variables​ ​(copula​ ​type,​ ​cure​ ​fraction,​ ​covariates)​ ​and​ ​dependent​ ​variables​ ​(model​
​accuracy,​ ​predictive​ ​power).​ ​Regression​ ​analyses​ ​affirm​ ​five​ ​hypotheses:​ ​Hypothesis​ ​1,​ ​that​ ​the​
​FGM​ ​copula​​can​​capture​​dependence;​​Hypothesis​​2,​​that​​the​​Gumbel​​copula​​captures​​asymmetric​
​dependence​ ​very​ ​well;​ ​Hypothesis​ ​3,​ ​which​ ​underscores​ ​the​ ​cure​ ​fraction's​ ​importance​ ​in​
​improving​​the​​accuracy​​of​​the​​model;​​Hypothesis​​4,​​that​​robust​​models​​can​​be​​achieved​​when​​the​
​censored​ ​data​ ​are​ ​effectively​​handled;​​and​​Hypothesis​​5,​​which​​emphasizes​​that​​covariates​​play​​a​
​great​ ​role​ ​in​​determining​​the​​predictive​​power.​​These​​results​​represent​​the​​strategic​​application​​of​
​copula functions in survival analysis that addresses gaps left open in current literature​​.​

​6.1 FGM Copula: A Key Addition to Improve Bivariate Weibull Models​

​This​ ​result​ ​confirms​ ​Hypothesis​ ​1,​ ​indicating​ ​that​ ​the​ ​FGM​ ​copula​ ​can​ ​indeed​ ​identify​ ​crucial​
​dependencies​ ​in​ ​survival​ ​data.​ ​Using​ ​data​ ​from​ ​2010​ ​to​ ​2023,​ ​projects​ ​using​ ​the​ ​FGM​ ​copula​
​indicated​ ​better​ ​model​ ​fit​ ​and​ ​dependency​ ​capture.​ ​The​ ​independent​ ​variables​ ​were​ ​copula​​type,​
​while​ ​dependent​ ​variables​ ​were​ ​focused​ ​on​ ​model​ ​accuracy​ ​and​ ​dependency​ ​metrics.​ ​The​
​correlation​ ​shows​ ​that​ ​the​ ​FGM​ ​copula​ ​enhances​ ​the​ ​capabilities​ ​of​ ​models,​ ​in​ ​accordance​ ​with​
​dependency theories, and also improves robustness​​.​

​6.2 Gumbel Copula's Effectiveness in Asymmetric Dependency Modelling​

​This​ ​finding​ ​supports​ ​Hypothesis​ ​2,​ ​revealing​ ​the​ ​Gumbel​ ​copula's​ ​effectiveness​ ​in​ ​asymmetric​
​dependency​ ​modelling.​ ​Analysing​ ​survival​ ​data​ ​from​ ​various​ ​studies,​ ​the​ ​results​ ​show​ ​that​ ​the​
​Gumbel​​copula​​provides​​robust​​model​​outcomes.​​Independent​​variables​​include​​copula​​type,​​while​
​dependent​ ​variables​ ​focus​ ​on​ ​asymmetric​ ​dependency​ ​measures.​ ​The​ ​correlation​ ​suggests​ ​the​
​Gumbel​ ​copula's​ ​strength​ ​in​ ​modelling​ ​complex​ ​dependencies,​ ​enhancing​ ​model​ ​accuracy​ ​and​
​reliability.​

​6.3 Cure Fraction Impact on Model Precision​

​This​​conclusion​​fulfills​​Hypothesis​​3,​​showing​​the​​impact​​of​​the​​cure​​fraction​​on​​model​​precision.​
​Data​​analysis​​supports​​the​​idea​​that​​models​​that​​include​​cure​​fraction​​have​​better​​fit​​and​​predictive​
​capacities.​ ​Independent​ ​variables​ ​are​ ​cure​ ​fraction​ ​while​ ​dependent​ ​variables​​focus​​on​​accuracy​
​criteria.​ ​The​ ​correlation​ ​evidences​ ​the​ ​significance​ ​of​ ​the​ ​cure​ ​fraction​ ​in​ ​improving​ ​survival​
​models by bringing out more insight into long-term survival probabilities​​.​

​6.4 Improved Model Robustness with Effective Handling of Censored Data​

​This​ ​result​​confirms​​Hypothesis​​4,​​as​​the​​survival​​datasets​​indicate​​improved​​model​​robustness​​in​
​models​ ​with​ ​superior​ ​censored​ ​data​ ​handling​ ​techniques.​ ​Independent​ ​variables​ ​were​ ​handling​
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​techniques,​ ​while​ ​dependent​ ​variables​ ​were​ ​the​ ​robustness​ ​metrics.​ ​The​ ​correlation​ ​showed​ ​that​
​improved handling enhanced model reliability, as postulated by the robustness theories.​

​6.5 Covariates Have a Significant Influence on Predictive Power​

​This​ ​finding​ ​supports​ ​Hypothesis​ ​5,​ ​demonstrating​ ​covariates'​ ​significant​ ​influence​​on​​predictive​
​power.​ ​Analysing​ ​survival​ ​data,​ ​the​ ​results​ ​show​ ​that​ ​models​ ​incorporating​ ​covariates​ ​report​
​enhanced​ ​predictive​ ​capabilities.​ ​Independent​ ​variables​ ​include​ ​covariates,​ ​while​ ​dependent​
​variables​ ​focus​ ​on​ ​predictive​ ​metrics.​ ​The​ ​correlation​ ​suggests​ ​that​ ​covariates​ ​improve​ ​model​
​insights, aligning with predictive theories and enhancing understanding of survival dynamics.​

​5. Conclusion​

​This​​research​​work​​applied​​copula​​functions​​as​​a​​way​​of​​getting​​bivariate​​Weibull​​distributions​​in​
​survival​ ​analysis​ ​and​ ​underlined​ ​their​ ​roles​ ​in​ ​capturing​ ​dependencies,​ ​modelling​ ​asymmetric​
​relationships,​ ​enhancing​ ​accuracy​ ​using​ ​the​ ​cure​ ​fraction,​ ​handling​ ​censored​ ​data,​ ​and​ ​covariate​
​integration.​​The​​present​​work,​​however,​​is​​not​​without​​its​​limitations,​​such​​as​​reliance​​on​​historical​
​data​ ​and​ ​constraints​ ​imposed​ ​by​ ​data​ ​availability.​ ​The​ ​emphasis​ ​of​ ​further​ ​research​ ​will​ ​be​ ​on​
​building​ ​more​ ​copula​​functions​​and​​integrating​​diverse​​covariates​​to​​deepen​​insights​​into​​survival​
​dynamics.​ ​This​​will​​bridge​​the​​gaps​​that​​exist​​at​​present,​​refine​​modelling​​strategies,​​and​​enhance​
​practical​ ​applications​ ​in​ ​medical​ ​data​ ​analysis​ ​to​ ​provide​ ​comprehensive​ ​understanding​ ​and​
​improve the accuracy of survival models.​
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